
484 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, MAY 1971

REFERENCES

[1] S. Shimada, I. Ootomo, S. Ishii, K. Ohi, and H. Hirotani, “Millimeter-wave
directional filter, ” IEEE T?ans. Miwowave Theot’y Tech. (Corresp.), vol. MTT-
18, Jan. 1970, pp. 61-62.

[2] I. Ootomo and S. Shimada, “A channel-dropping filter using ring resonators for
the millimeter wave communication svstem. ” Trans. Inst. Electron. Commun.
Eng. Ja$., vol. 52-B, May 1969, pp. 265-27~.

[3] S. Shimada, I. Ootomo. H. Hirotani, and K. Ohi, “Ring type channel-dropping
filter for a guided millimeter-wave communication system, ” presented at the
1970 IEE Conf. Trunk Telecommun. by Guided Waves.

[4] S. Shimada, I. Ootomo, H. Hirotani, and K. Ohi, ‘Advanced ring type channel-
dropping filter, ” Elec. Commun. Lab. J., vol. 18, Dec. 1969, pp. 3331-3346.

[5] I. Ootomo, “Three-cavity directional filters, n Tech. GrOUD on Microwave, Inst.
Electron. Commun. Eng. Japan, Jan. 1970, paper MW69~65.

Use of Finite Difference Approximations to Partial

Differential Equations for Problems Having Boundaries

at Infinity

Absfracf—A computationally simple technique is presented for

solving dnke diierence equations arising from potentiaf problems,

part of whose boundary is at intinity. The procedure makes use of an

arbitrary “fictitious” boundary drawn close to the regions of physical

interest. An initial guess is made of the potential on thk boundary as

well as at all interior points. Well-known iterative techniques are

used to correct the values of the interior potentials. Meanwhile the

potentials on the boundary are corrected iteratively by recalculating

them from the sources or charges in the entire region, which in turn

are calculated from the current iteration of the interior potential.

The technique is valid even if parts of the physicsf structure, such

as an air-rUelectric interface in microstrip, extend toward infinity.

The fictitious boundary need not include all of the structure, pro-

viding the rate of falloff of the sources outside the boundary is

known.

INTRODUCTION

A recent issue of this TRANSACTIONS [1] is devoted to computer

oriented microwave practices. Several papers deal with the tech-

nique of using successive overrelaxation (SOR) of finite difference

approximations to solve partial differential equations. This cor-
respondence describes a modification of the SOR technique for

treatillg problems, part of whose boundary is at infinity, without

the necessity of using an inordinately large grid of points.

REVIEW OF SOR TECHNIQUE

In the SOR method the region within the specified boundary is

divided up into a grid (usually rectangular) of points. The differential

operator is replaced by a finite difference operator and the differential

equation is replaced by a difference equation at each point of the

grid. For an NX N grid, the partial differential equation is replaced

by N2 simultaneous linear equations. If, for example, the original

equation is Laplace’s equation

vz# = o (1)

the finite difference equation at each point is

dl+dz+ds+!b–%o=o (2)

or

+0 = (+1+42+ +3 + +,)/4 (3)

where the geometrical relationship of the points is shown in Fig. 1.

This set of simultaneous equations is solved by an iterative process.

Each step of this process involves evaluating a new potential at each

point of the grid from the finite difference equation and using this

new value in the calculation of all subsequent potentials. The process

ends when no further changes in potentials occur on successive itera-

tions, i.e., when the finite difference equations are satisfied at every

point. In practice, a larger correction is made than is called for by

the difference equation in order to speed convergence; hence the

name successive overrelaxation.
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Fig. 1. Arrangement of points used forv~ operator.

Thus (3) is replaced by

‘$onew = { (@l + +2 + +8 + 44)/4 – bO old}@ + dO old (4)

for each step of the iteration. The relaxation parameter u is generally

taken between 1 and 2. The boundary condition is taken into account

by including it in the difference equation for the points of the grid

either on or immediately adjacent to the boundary. The exact pro-

cedure depends on the nature of the boundary condition.

OPEN BOUNDARIES

In many microwave configurations that are currently under active

consideration (such as microstrip), the region in which the potential

is nonzero extends to infinity. The problem can be solved by finite

differences by imposing a boundary condition of o= O at some finite

distance from the important parts of the structure. However, if

accurate results are to be obtained, this boundary must be quite far

out, and hence the grid will have a very large number of points and

the solution will waste excessive computer time. An attempt to avoid

this problem, using an artificial boundary much closer to the region

of interest, has been proposed by Cermak and Silvester [2 ]– [4 ] and

elaborated on by Richter [5]. Using a rather involved calculation,

they obtain the potential on this boundary and hence are able to

find the Dotential inside it bv ordinarv SOR techniques. We mesent

here a procedure for finding this potential which we consider con-

ceptually simpler and easier to handle in a practical problem. More-

over, our technique also permits a simple and accurate approximate

solution for cases in which some sources are outside the boundary.

Thus very wide (or infinitely wide) geometries can often be treated

with a relatively close boundary.

The artificial boundary is a fictitious boundary drawn outside the

region of practical interest. Given the true potential on this boundary,

we can solve for the potentials inside it by established techniques, as

discussed above. On the other hand, given the potentials inside the

boundary, we can calculate the charges on all conductors and di-

electric interfaces within the boundary and hence can calculate also

the potential at the boundary due to these charges. When the true

potential at the boundary is used to calculate the charges, then the

potential calculated from the charges will reproduce the true poten-

tial. But if an incorrect potential had been assumed for the boundary,

then the boundary potential recalculated from the charges would not

be the same, because we do not include contributions to the potential

due to charges on the fictitious boundary. For the true solution, of

course, there are no charges on the fictitious boundary, since it is just

a mathematical construction. We can thus generate a self-consistent

iterative technique to find both the boundary potential and the

charges. Specifically, we make an initial guess of the potential on the

boundary- and use this to calculate a first guess of the potential in the

interior. We then use this interior potential to calculate the charges

in the interior and a new potential on the boundary. We continue this

process, using each successive iteration of the interior potential to

make the next calculation of the boundary potential and vice versa.

To show how this procedure can succeed and that it is not in con-

flict with the uniqueness theorem, let us consider a simple electro-

static problem with a well-known answer, namely, a sphere of radius
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Fig. 2. Geometry of sample electrostatic problem. Real conductor is a sphere of
radks a ,at potential V with respect to ir$mity. Fictitious boundary is a larger
conc$ntnc sphere of radius b with potermal values Vj, i =0, 1, . . . , for succes-
sive lteratioua.

a at potential V. The correct potential is, of course,

&I = (a/r). V, q~a, (5)

For our fictitious boundary let us choose a larger concentric sphere of

radius b as shown in Fig. 2. Following the procedure described above,

we make a guess for the potential at the fictitious boundary, For

simplicity let us take it to have a constant value l’o (a computer

would, naturally, assume a numerical value, but we may assume an

algebraic value). From elementary electrostatic theory, the potential

is

@= -40/r+ Bo, a<r<b (6)

with

AO = bf(v - V,) (7)

and

B, = bf(a-lVo – b-lV) (8)

where $ is defined as

~ = a/(b – a). (9)

Using this potential we calculate the charge on the real sphere using

Gauss’ law:

(lo)

= A, = b~(V – V,). (11)

The potential due to thk charge is

1$ = Ao/r, r>a (12)

and at the fictitious boundary has the value

V, = Ao/b = :(V – V,) (13)

which we use for our next iteration of the surface potential. Us;ng

this new boundary potential, we get a new interior potential of the

same form as (6), but with new values of A and B. The new value for

A is

A, = frf(V– V,) = b${V-t(V - Vo)} (14)

= b{~- 52}V+ b$zvo. (15)

The next iteration for the boundary potential is, following (13),

V2 = A Jb. (16)

Finally we get the general form

v. = {$– .y+:s – . . . – (–E)’+l)V + $“+W’O (17)

wh~ch in the limit as n.-+ Q becomes

v. = ~ V = (a/b)V
1 +.$

as long as E< 1 (i.e., b>2a). This is the true value (cf. (5)).

(18)
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Fig. 4. Surface used to derive point difference e~”ation on dielectric interface.

This example illustrates how the procedure works and indicates

that it does not always converge, In our experience we have observed

no convergence failures in computer solutions of real problems since

we have kept the fictitious boundary a moderate distance from the

real charges. However, we have found that the speed of convergence

can be improved, as suggested by the sequence of values V. in (17),

by underrelaxing the corrections to the boundary pcltential.

For problems in which it is convenient or necessary to choose a

fictitious boundary that excludes some of the charged regions but in

which it is possible to estimate the charges omitted, the contribution

of these charges to the potential at the fictitious boundary is added.

As an example of the complete computer solution procedure, con-

sider the electrostatic problem for the microstrip shown in Fig. 3.

Within either the dielectric or the air, the potential satisfies Laplace’s

equation; hence (1) and (3) are valid. Along the air–dielectric inter-

face, the differential equation is

v. (N+) = 0. (19)

In order to find the corresponding difference equation, we inte-

grate (19) over a square box the same size as the grid boxes, but

centered on the point of interest on the interface as shown in Fig. 4.

Applying Gauss’ theorem in two dimensions then gives

where it is the unit outward normal on the perimeter 1 of the box. If

4 is replaced on each side of the box by its two-point difference value

obtained at the center of the side, the second integrid becomes

(w)’+(w)+(%)?

or

(22)

where k is the distance between grid points. The set of equations from

each point on the grid k solved by the SOR technique subject to
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the boundary constraints

4=$+0 on top conductor

,$=0 on ground plane

a~
—. o on symmetry plane
an

4 = 4(s) for points s on the boundary ,S.

The only charges in the region are on the top conductor, the

ground plane, and the air–dielectric interface. The effects of the

charges on the ground plane are represented by images of the charges

on the top conductor and on the air-dielectric interface. The charges

are given by

p = V%p (23)

or

Po = (@l + ‘$2 + 03 + +4 – 4@o)/w. (24)

The potential at a point on .S due to a charge POand its image is given

by

(25)

where R is the distance from the charge POto s and R’ is the distance

from its image to s. The potential goes as in (R) rather than l/R

since we are dealing, equivalently, with either a two-dimensional

problem or a three-dimensional problem in which p is a line charge

density extending to infinity normal to the page. The total potential

on each point of .S is found by summing (25) for each point on the

conductor and on the interface and for their symmetrical points to

the left of the symmetry plane. Skce the charge on the interface

extends outside the surface S, it could not be computed directly from

(25) everywhere. However, far from the center conductor (and as will

be seen, this does not mean very far), the charges on the interface

go as 1/rZ where r is the distance from the charge to the center con-

ductor. Wkh this known dependence, the charges outside the

boundary can be calculated from those on the grid point just inside

the boundary. Far enough from the boundary, they can be neglected

entirely.

In Fig. 5 we show the results of such a calculation employing the

self-consistent boundary-value technique reported in this cor-

respondence. The grid used is quite coarse for convenience in dis-

playing the results. For accurate work a finer mesh is necessary. The

potential @Oof the top conductor is defined to be 900. The top con-

dtlctor has a half-width of three and is three grid points above the

ground plane. The dielectric has s.i = 16. The charges outside the

boundary are calculated as described above up to an additional dis-

tance equal to the number of points in the grid in the horizontal

direction, effectively doubling the width of the grid as far as hori-

zontal truncation of the charge is concerned.

The results are shown for four different choices of boundary. As

is to be expected, the results for the interior are independent of the

location of the boundary except for the smallest case (8X 8 points)

shown. The small deviations in that case result from inaccuracies in

calculating the charge on the part of the interface outside the

boundary. One can also see that the potential on the boundary is still

substantial even with the most distant boundary. It would have been

necessary to use a much bigger region to justify setting + = O on the

outer boundary.

Although this correspondence has been written in terms of an

electrostatic problem, the technique is also applicable to potential

functions derivable from more general sources.

F. SANDY
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Fig. 5. Potentials in micmstrip calculated rising several fictitious boundaries.
(a) S X S grid. (b) 12 X 8 grid. (c) 12 X 12 grid. (d) 1S X 12 grid.
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New Design Equations for a Class of Microwave Filters

Abstract—New approximate design equations for a class of

microwave bandpass filters are presented. The iilters are 1) dusf

forms of half-wave parallel-coupled resonator filters, 2) one form

of interdigital titer, and 3) dual forms of direct-coupled stub filters.

The advantages derived from using the new equations are 1) exact

realization of the specbied design bandwidth and 2) improved pass-

bsnd voltage standing-wave ratio (VSWR) response in the vicinity

of band edge. Experiments data are presented for a trial iilter de-

sign having 7 resonators, 40-percent bandwidth, and passband

VSWR of 1.2.

1. INTRODUCTION

The design equations presented in this correspondence apply to

the following microwave filters: 1) dual forms of half-wave parallel-

coupled resonator filters (Fig. 1), 2) the interdigital filter (Fig. 2),

and 3) dual forms of direct-coupled stub filters (Fig. 3). All of these
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